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ABSTRACT 
A subset Sof a complex projective space is F-regular provided each two points of S have the same 
non-zero distance and each subset of three points of S has the same shape invariant. The aim of this 
paper is the determination forany odd integer r,of the largest integer n(r) such that CP r- l contains 
an F-regular subset of n(r) points. 
It is established that n(r) _< 2r - 2 for any odd integer r and n(1 + 2 s) -- 2 s+ l for any integer s. 
Mathematics Subject Classifications (1991) : 51F20,51M20. 
Key words : F-regular subsets, complex projective space, shape invariant of a triangle, equi-iso- 
clinic planes in Euclidean spaces. 
1. PRELIMINARIES 
It turns out  in [4] that  there is a one to one cor respondance  between F - regu lar  
subsets with zero shape invar iant  of  n points  Ix1] ..... [x,] which span a space 
cpr -  l, and skew-symmetr ic  matr ices of  order  n with zero d iagonal  and +1 
elsewhere, whose eigenvalue with the largest imag inary  par t  has mult ip l ic i ty  
n -  r. Such matr ices are denoted  by B-matr ices.  Any  such matr ix  B with 
eigenvalue A0 which has the largest imag inary  part  with mult ip l ic i ty  n -  r 
leads to an F - regu lar  n-tuple in CP  r -  1 with zero shape invar iant  and distance 
= arccos ~.  
B-matr ices  of  order  n = 2r that  have only two dist inct  eigenvalues with equal 
mult ip l ic i t ies are cal led skew-conference matr ices.  We refer to them as C- 
matr ices.  Thus the C-matr ix  is a B-matr ix  which satisfies CC T = (n - 1)In. The 
eigenvalues of  C are ix/n - 1 and - i  nx/n --£ 1. 
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The following necessary condition is known: n = 2 or n _=-- 0 (mod 4). How- 
ever, the only C-matrices that have been constructed so far are skew-matrices 
of order r, 
t 
(I) r = 2 s I-[ (phi + 1), phi + 1 ~ 0 (mod 4), 
i=1  
Pi primes, Pi ~ 2, s, t, hi non-negative integers ([5, 7]). 
In [4] the author poses the problem of finding, for all positive integers r, the 
integers n such that in CP r- i there exists an F-regular n-tuple with zero shape 
invariant. What is the distance of such n-tuples? For any given r, what is the 
maximum, n(r)? 
It is shown that for any integer r, r > 2, n(r) < 2r (Theorem 2), and that 
n(r) = 2r if and only if there exists a skew-conference matrix of order 2r 
(Theorem 3). It follows immediately from Theorem 3, that for any r defined 
by (1), n(r) = 2r. 
The central problem of this paper is the determination of n(r) for any odd 
integer . It is established that, for any odd integer , n(r) < 2r - 2, and that if 
r -  1 satisfies (1) then n( r )= 2r -  2. For instance, for any integer s _> I, 
n(1 + 2 s) = 2 s+l. We deduce that for any integer such that r - 1 satisfies (1), 
cpr -  1 contains a maximal F-regular (2r - 2)-tuple with zero shape invariant 
and distance arccos 2r-~--3-3" 
In section 2, it is seen that the author's problem amounts to finding integers r 
for which there exists a B-matrix B of order 2r - 1 having a prescribed value 
and multiplicity for its eigenvalue with the largest imaginary part. 
In the Euclidean space R r, the mutual position of any two n-dimensional 
subspaces i determined by their n angles. Two n-subspaces are isoclinic when- 
ever all angles are equal. Thus the vertices of the (2r - 2) F-regular tuple can be 
considered as 2r - 2 real planes in R 2r _~ C r, which are pairwise isoclinic with 
the same angle d, cos2d = l 
2r -  3" 
In [6] P.W.H. Lemmens and J.J. Seidel pose the problem of finding the max- 
imum number v~ (m,p) of equi-isoclinic m-subspaces in R p with the parameter 
A, that is, of pairwise isoclinic m-subspaces with the same angle ~b, cos2~ = A. 
We close this paper with corollary 1, where it is seen that for any integer 
such that r - 1 satisfies (1), 
v~(2 ,  2r) _> 2r - 2. 
For instance, for any integer k, k_> 1, v 1 (2 ,2+2 k+l) >2 k+l 
2 k+t  1 " - -  
2. RESULTS ON n(r) 
We use the following notations: Ik denotes the k × k-unit matrix, J is the 
(2r - 1) × (2r - 1)-matrix consisting solely of 1 's and j is the (2r - 1) × 1-ma- 
trix consisting solely of 1 's. 
Let C be a C-matrix of order 2r. By multiplication of some columns and the 
corresponding rows by -1 we can assume w.l.o.g, that C has the form 
484 
B2r- I j ) 
_ j r  0 " 
Here B2r-| of order 2r - 1 satisfies, 
(2) B2r_IB2T_I = (2 r -  1) /2r -1 -  J, Bz r - , J  = JO2r-1 = O, B2T 1 
-O2r -  1~ 
and conversely determines C2r. 
I am indebted to J. Rouyer for the proof of the following Lemma. 
Lemma. Let r, r >__ 2. I f  there exists a B-matrix B o f  order 2r - 1 whose eigen- 
values are A0, A0 and 0 with respective multiplicities r - 1, r - 1 and 1, then there 
exists a B-matrix B' o f  the same order satisfying (2). 
Proof. Our assumption implies that B is similar to 
diag(Ao,..., Ao, Ao, ..., Ao, 0), 
and 
(3) Tr(B 2) = - (2r -2 )po  2, 
where A0 = ipo, with #0 > 0. On the other hand by a direct computation of the 
diagonal elements of B 2 we have 
(4) Tr (B2)=- (2r  - l ) (2 r -  2). 
From the equations (3) and (4) we find that #0 = x /~ - 1. It follows that B 2 is 
similar to diag(1 - 2r, ..., 1 - 2r, 0). 
Since the matrix B 2 + (2r - 1)I2r-1 is symmetric, has l's on the diagonal and 
is of rank 1, then by multiplication of some columns and the corresponding 
rows by -1, we obtain the existence of a B-matrix B' such that B'2+ 
(2 r  - 1)I2r-  = J .  
Now since Ker(B')  --- Ker(B '2) is orthogonal to Ker(B '2 + (2r - 1)I2r-1), ob- 
serve that B~j = 0. This proves the assertion. [] 
Theorem 1. n(r) <_ 2r - 2, for  any odd integer , r >_ 3. 
Proof. Let r > 3 be any odd integer. 2r is not a multiple of 4, thus from 
Theorem 3 of [4] we have n(r) < 2r - 1. According to the above Lemma there is 
no B-matrix B of order 2r - 1 which satisfies (2). If  such a matrix B existed it 
could be extended to a C-matrix of order 2r, r being necessarily even, which 
contradicts our assumption. Thus we can conclude that n(r) < 2r - 2. [] 
Theorem 2. I f  r is such that r - 1 satisfies (1) then n(r) = n(r - 1) -- 2r - 2. 
Proof. For r - 1 satisfying (1), there exists a C-matrix C of order 2 ( r -  1). 
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Hence f rom Theorem 3 of  [4] we obtain that n(r - 1) = 2(r - 1). Now clearly 
n(r) >_ n(r - 1). Using Theorem 1, the assert ion follows. []  
Examples. For any integer s> 1, n(1 +2 ~) =2 s+l For  instance, n (3 )=4,  
n(5) = 8, n(9) = 16 ..... 
In order to apply Theorem 2 and give more examples we look for all multiples 
of  4 until 100, which satisfy (1). However there are some exceptional cases: 
r = 7, 11, 15, 23, 31,35, 37, 43. Indeed, 6 doesn't  satisfy (I) but there exists a C- 
matr ix of  order 12 since 12 = 11 + 1, thus n(7) > n(6) = 12. According to The- 
orem 1 we get n(7) < 12. Hence n(7) = 12. 
Now using this remark,  Proposit ion 2 and Table of  [4] we find the following 
results: 
n ( l l )  = 20, n(13) = 24, n(15) -- 28, n(17) -- 32, 32 _< n(19) < 36, n(21) = 40, 
n(23) = 44, n(25) = 48, 48 <__ n(27) < 52, n(29) = 56, n(31) = 60, n(33) = 64, 
n(35) = 68, n(37) = 72, 72 _< n(39) < 76, n(41) = 80, n(43) = 84, n(45) = 88, 
88 < n(47) _< 92, n(49) = 96, 96 _< n(51) _< 100. 
The following result is new in compar ison with [6]. 
Corol lary 1. I f  r is such that r - 1 satisfies (1), then 
v2_~_~(2 , r) > 2r - 2. 
Proof. Let r be any integer such that r - 1 satisfies (1). Clearly 
v2_~(2 , 2r) _> v~(2 ,  2r - 2). 
Now observe that the 2r - 2 equi-isoclinic planes with the parameter  2--;~-3, are 
lying in the Eucl idean space R 2r-2, thus the inequality 
v r~_3(2 , 2r - 2) > 2r - 2, 
is sufficient o prove the assertion. [] 
REFERENCES 
[1] Brehm U. - The shape invariant of triangles and trigonometry in two-point homogeneous 
spaces. Geom. Dedicata 33, 59-76 (1990). 
[2] Brehm U. and EtoTaoui B. - Congruence criteria for finite subsets of complex projective and 
complex hyperbolic spaces. Manuscripta Math. 96, 81-95 (1998). 
[3] Et-Taoui B. - Sur les m-uples F-r6guliers dans les espaces projectifs complexes. Geom. Ded- 
icata 63, 297-308 (1996). 
[4] Et-Taoui B. - Equiangular lines in C r. Indag. Math., N.S., 11(2), 201-207 (2000). 
[5] Goethals J.M. and Seidel J.J. - Orthogonal matrices with zero diagonal. Canad. J. Math. 19, 
1001-1010 (1967). 
[6] Lemmens P.W.H. and Seidel J.J. - Equi-isoclinic subspaces ofEuclidean spaces. Koninkl. Nederl. 
Akad. v. Wet., Proceedings, Series A, 76, No. 2 and Indag. Math. 35, No. 2, 98 107 (1973). 
[7] Williamson J.-  Hadamard'sdeterminant theorem and the sum offour squares. DukeMath. J.
11, 65-81 (1944). 
(Received May 2002) 
486 
